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We describe schemes for transferring quantum states be- 
tween light fields and the motion of a trapped atom. Coupling 
between the motion and the light is achieved via Raman tran- 
sitions driven by a laser field and the quantized field of a 
high-finesse microscopic cavity mode. By cascading two such 
systems and tailoring laser field pulses, we show that it is pos- 
sible to transfer an arbitrary motional state of one atom to a 
second atom at a spatially distant site. 
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I. INTRODUCTION 

The quantized motional states of atoms or ions in con- 
fining potentials offer interesting possibilities for a variety 
of applications, such as the preparation and study of non- 
classical (i.e., manifestly quantum) states [Q-^, and the 
storage and manipulation of quantum information (e.g., 
"qubits" ) , with particular reference to quantum logic op- 
erations and quantum computing []6|-p^ | . These possibil- 
ities stem from the relatively long coherence times that 
can be achieved with motional states (due to the absence 
of strong damping mechanisms) and the precision with 
which transformations between motional states can be 
controlled using laser- light-induced transitions. 

However, while motional states are well-suited to the 
storage and manipulation of quantum states, for the com- 
munication of quantum information from one physical 
location to another it is clear that photons are the pre- 
ferred carriers of the information. For this reason, it is 
necessary to provide and examine configurations in which 
motional states can be efficiently and reliably transferred 
to states of light, and vice- versa. Here enters the field of 
cavity quantum electrodynamics (cavity QED); in partic- 
ular, configurations in which a single mode of the electro- 
magnetic field supported by an optical cavity is strongly 
coupled to a transition in a single atom. It is possible, via 
the internal atomic transition, to also couple the cavity 
field to the external (quantized) motion of the trapped 
atom or ion JTsj-llSt, and in this work we will examine 
such a coupling that enables the above-mentioned state 
transfer. 



II. MODEL 

Our model consists of a single two-level atom (or ion) 
confined in a harmonic trap located inside an optical cav- 
ity. The atomic transition of frequency Wa is coupled to 
a single mode of the cavity field of frequency lUc and is 
also assumed to be driven by an external (classical) laser 
field of frequency ijJl ~ the cavity and laser field frequen- 
cies will be chosen so as to drive Raman transitions that 
couple neighbouring vibrational levels of the external mo- 
tion. The physical setup and excitation scheme are de- 
picted in Fig. 1. The cavity is aligned along the x-axis, 
while the laser field is incident from a direction in the y-z 
plane (i.e., perpendicular to the a;-axis). 

The Hamiltonian describing the internal and exter- 
nal atomic degrees of freedom plus the atom-cavity and 
atom-laser couplings takes the form (in a frame rotating 
at the laser frequency) 

j=x,y,z 

-\-hgQSin{kx){a) a- + Oj^a). (1) 

Here, {vxi i^y, i^z} are the harmonic oscillation frequencies 
along the principal axes of the trap, bj and a are annihila- 
tion operators for the quantized atomic motion and cav- 
ity field, respectively, a- = |5')(e| is the atomic lowering 
operator, and S = lUc—lui^ and A = lUh—uji^. The quantity 
£i,{y,z,t) is the (possibly time-dependent) amplitude of 
the laser field; note again that we assume that this field 
has no spatial dependence along the x direction. Finally, 
the single-photon atom-cavity dipole coupling strength is 
given by go, while the sine function describes the stand- 
ing wave structure of the cavity field (we assume that 
the centre of the trap is located at a node of the cavity 
field), with k — 2tt/X the wavenumber of the field and 
i= [?i/(2mz.,)]i/2(6^ + St). 

Allowing for cavity damping and atomic spontaneous 
emission, quantum Langevin equations for the system op- 
erators can be derived straightforwardly. For the mo- 
ment, however, we will ignore the effects of atomic spon- 
taneous emission on the grounds that the detunings of 
the laser and cavity fields from the atomic transition fre- 
quency are very large, and hence that population of the 
excited atomic state |e) is negligible (we will return to 
the effects of spontaneous emission in the discussion at 
the end of the paper). On this basis, we are also able 
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to adiabatically eliminate the internal atomic dynamics 
from the problem. 

We will also ignore any forms of motional decoherence 
or heating associated with imperfections in the trap itself 
| p2t on the basis that such effects occur on a timescale 
slow compared with the operations we will be consider- 
ing. Again, we will return to this point and discuss it 
more quantitatively at the end of the paper. 

Finally, we assume that the size of the harmonic trap 
(in all directions) is small compared to the optical wave- 
length; under these conditions, we can make the approx- 
imation sm{kx) ~ rix{bx + where rjx 1) is the 
Lamb-Dicke parameter. Given this assumption, it is also 
possible to design a configuration for which we can ne- 
glect all position dependence in the laser field ; that is, 
we can assume a situation where £h{y, z, t) ~ Sij{t)e^^'^'^ 
[with £-^{1) a real quantity]. Henceforth, the problem 
essentially becomes one-dimensional and we can restrict 
our attention to just the x direction. 

To first order in rjx^ equations of motion for the oper- 
ators a and bx then follow as 



-(k + id)a + I [bx + Wx) 



.goVx£h{t) 



ae 



(2) 
(3) 



where n is the decay rate of the cavity field and ain(^) 
is a quantum noise operator describing the input to 
the cavity field and satisfying the commutation relation 
[ain{t),alit')]=Sit-t'). 

We now make the transformation bx = e~^'^''*bx, a = 
e~"^^*a, and choose S = i/x (i-e., tune to the "first lower 
sideband"). Assuming that i/x ^ k, \{gorix/ ^)£-L{t)\, and 
\£h{t)/£L{t)\, the oscillating terms in the resulting equa- 
tions may be dropped in a rotating-wave approximation 
to yield 



. ^.gorix£iAt)e-^~ 

a = —Ka + I 1 Or 

A 



/2^5in(t) (4) 

(5) 



These equations simply describe a pair of coupled har- 
monic oscillators, one of which is damped. In terms 
of a Hamiltonian, the coupling is given by [defining 
^{t) = -5o'yxfL(i)/A (real)] 

H{t) = hn{t) ((i^bxe-">'^ + blhe"''^^ , (6) 

a result derived by Zeng and Lin [|l^ . 

III. QUANTUM STATE TRANSFER 

As pointed out by Zeng and Lin [^ , when cavity losses 
can be neglected the above coupling enables complete 



(pure or mixed) state transfer between the atomic motion 
and the cavity light field. For example, given a finite laser 
pulse duration, and assuming for simplicity that £'L{t) is 
a real and positive function of time, then solutions for 
a{t = +00) = a['\-oo) and bx{t ~ +00) = bx{+oo) can be 
derived as 

a(+oo) = a(-oo) cos 6* - ie~^'^^bx{~oo) am6 (7) 
bx{+oo) = --ze''^^a(-cx))sin6' + 6^(-cx3)cos6' , (8) 

where 9 ^ J^^ f7(r)rfT. Choosing 9 ^ [N + I/2)7r, with 
N an integer, and = 7r/2 yields 



a(+oo) = =F6a;(— 00) , bx{+oo) ~ ±a{—oo) 



(9) 



from which it follows that, given an initial vacuum state 
of the field, any initial state of the motion can be trans- 
ferred one-to-one to the state of the cavity field and the 
motion is reduced to its ground state (for other examples 
of this kind of state exchange between harmonic oscillator 
modes, see 171^]). 



A. Underdamped regime 

The result derived above demonstrating the possibility 
of complete state transfer between the quantized atomic 
motion and the cavity field mode obviously offers some 
very interesting further possibilities. If the damping of 
the cavity mode is sufficiently weak, then one can imag- 
ine a situation in which a suitable laser pulse is applied 
so as to transfer a motional state to the cavity mode (in 
a time short compared to k~^), after which the cavity 
field is allowed to decay. Making homodyne measure- 
ments on the output field from the cavity and using the 
well-established method of optical homodyne tomogra- 
phy jl^,|2^, the density matrix of the cavity field mode, 
and hence of the initial motional state, could be recon- 
structed from many repeated cycles of preparation and 
measurement. 

Given that the motion is always left in its ground state 
after the laser pulse, this can also be seen as a novel 
means of cooling, or "resetting," the atomic motion in a 
single operation [Q. Of course, in the regime of opera- 
tion that we are assuming (the resolved sideband limit), 
conventional sideband cooling (using atomic spontaneous 
emission) would also be an efficient means of cooling the 
motion to the ground state. 



B. Overdamped regime 

The opposite limit, in which k is large compared to 
the magnitude of the effective coupling rate fl{t) (but, of 
course, still small compared to the trap frequency Vx) is 
actually of more interest to us and indeed allows further 
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simplification of the model. In particular, we can con- 
sider adiabatically eliminating the cavity mode from the 
dynamics, i.e., setting a = and substituting 



S'|0)(0|5^ 



(16) 



into the equation for bx to give 



(10) 



bx 



bx + Q{t)^/2/Kain{t) 



= -T{t)bx + v/2f(t) 5i„(t) 



(11) 



where we have set = 7r/2 for simplicity. 

This equation simply describes a quantum harmonic 
oscillator subject to damping at the (possibly time- 
dependent) rate T{t). In the case of a vacuum cavity 
input field, it obviously models sideband cooling to the 
ground state due to a form of cavity-induced spontaneous 
emission [G2lE3l. 



1. Driven cavity: light-to-motion state transfer 

However, one can also consider different kinds of inputs 
to the cavity field, i.e., choices of the input field operator 
ain{t) that give rise to nontrivial input field statistics. 
This is of interest because, given the simple linear form of 
( prj ) , it follows that the statistics of the input field can be 
"written onto" the state of the oscillator. In particular, 
assuming that T{t) =_r\, a constant, then in frequency 



space the solution to (11) is simply 



bx{uj) 



2r ai„(cj) 



(12) 



For example, the input field could be an ideal quan- 
tum squeezed vacuum as derived from the output of a 
degenerate parametric amplifier ||2j,|2^ . If the squeezing 
happens to be broadband (with respect to the charac- 
teristic rates associated with the system upon which it 
is incident), then the appropriate input field correlation 
functions can be written in the forms [EGl 



(a|'„(w)ain(w')) ^ Nd{LU-~ uj') 
(ain(w)ain('^')) — M 5{ijj + uj') 



(13) 
(14) 



with M = \M\e'^ and \M\^ = N{N + 1). Given such an 
input, the system is equivalently described by the master 
equation |26 



Pn, = r{N + l){2bxP„,bi - blbxPn, - PrJ>lbx) 
+TN{2blpr^ bx bx Pm Pm ) 
-rM{2bxPmbx - bxbxPm - Pmbxbx) 



-rM*{2blpJi-blbip, 



Mi) 



(15) 



where is the density operator for the motion of the 
trapped atom. In steady state, the density operator is 
that of an ideal squeezed state, that is 



where S is the squeezing operator i.e., SbS^ — pbx + 
vbl with p = {N + 1)1/2 ^ ^ N^l'^e^. 

There are of course other ways of preparing such non- 
classical states of the motion which have indeed already 
been implemented experimentally These prepara- 

tions have typically employed pulsed classical light fields 
to facilitate the required motional state transformations. 
The above scheme is novel in that it involves the direct 
transfer of statistics from a nonclassical continuous-wave 
light field to the motional state of the trapped atom. 



2. Numerical calculations 

To numerically model state transfer between light and 
motion in the overdamped regime described above, we 
consider, as above, the cavity mode to be resonantly 
driven by squeezed light from a degenerate parametric 
oscillator, as illustrated in Fig. 2. For our simulations, 
we include the dynamics of the parametric oscillator us- 
ing the cascaded systems formalism developed in [p8|j29| 
(further applications of the formalism are given in |pO|| ). 
In particular, we model our system with the master equa- 
tion 

n 

-\- Ka (2apa^ — a)ap — pa) a) 



+ Kc (2cpc) — c^cp - 
- 2^KqKc {[a\cp] + [pc\a]) 



pc'c) 



(17) 



Here, Hab{t) describes the effective coupling between the 
vibrational motion of the trapped atom and the cavity 
light field as derived above. However, in addition we 
retain the rotating, or nonsecular terms, i.e., we take 

Hab{t) - m {a)bxe-"t'^ + 5t ae"^^) 

+ (atfot e-*'^L+2«i..t ^ afo^e'"^^-^'''-*) . (18) 

The coupling parameter Q. is assumed to be a constant. 
The Hamiltonian He models the parametric oscillator 
(driven below threshold), taking the form 



(19) 



where c is the annihilation operator for the cavity mode 
of the parametric oscillator and e = |e|e*^ is the am- 
plitude of the coherent field driving the oscillator. The 
linewidth of the (one-sided) parametric oscillator cavity 
mode is Kc- Finally, the last term in ( pT| ) describes the 
(unidirectional) coupling of the incoming squeezed light 
to the cavity mode. This couphng is assumed to be ideal. 

By using a truncated state basis, the master equa- 
tion ( p7| ) is numerically propagated until a steady state 



3 



is achieved. In fact, due to the time-dependent terms 
in Habit), only a quasi-steady state can in principle be 
achieved, but for the parameters we consider only a very 
weak time-dependence (i.e., a weak modulation) occurs. 
The elements of the reduced density matrix of the mo- 
tional mode in the steady state (Pm™) shown in Fig. 3 
for the choice of parameters Vx/i^-a — 10, ^l/na — 0.1, 
Kc/na = 1 and c/kc = 0.3 (corresponding to 71% max- 
imum squeezing in the input light field). These param- 
eters are in the regime for which the master equation 
( p^ ) should be valid and, indeed, we find the steady 
state of the motion to be approached on a timescale 
= (Sl^/Ka)~^ — 100k~^. Characteristic squeezed 
state features are evident in the figure (e.g., only even 
number states are populated) and the fidelity with which 
the predicted ideal squeezed state is achieved is computed 
to be (0|5+p^™S'|0) ~ 0.99 for the appropriate values of 
iV and M in the theory. 

C. Entanglement transfer from light fields to 
separated trapped atoms 

The scheme outlined above can be extended to the 
transfer of quantum mechanical entanglement from light 
fields to motional states of two or more trapped atoms at 
physically separated sites. Consider, for example, the 
pair of output fields from a nondegenerate parametric 
amplifier (the fields may be nondegenerate in polariza- 
tion or in frequency) p4[ . At the output from the para- 
metric amplifier, these fields could be separated in space 
and then made to impinge upon two cavities containing 
trapped atoms in the configuration described above. The 
quantum mechanical correlations that exist between the 
two light fields generated by parametric downconversion 
could thus be transferred (in steady state) to correlations 
between motional states of trapped atoms at two distinct 
sites. 



D. Quantum teleportation of motional states 

An exciting recent development in the field of quan- 
tum communication has been the experimental investi- 
gation of schemes for the teleportation of quantum states 
[pl|-^. Of particular interest in the present context is 
the demonstration by Furusawa et al. [3^ ] of uncondi- 
tional quantum teleportation of optical coherent states 
using squeezed-state fields and entanglement of the sort 
discussed above. By incorporating cavities containing 
trapped ions in the state transfer configuration of this 
work (in the bad cavity limit), it should be possible to 
employ the scheme of for the teleportation of mo- 
tional states. 

In particular, a motional state could be "mapped" onto 
a light field which enters the configuration of at the 



"sending" station. This field is teleported to a "receiv- 
ing" station where it is made to impinge upon a second 
trapped-ion plus cavity system in the state transfer con- 
figuration. The teleported light field is thus mapped onto 
the motional mode of the second trapped ion and tele- 
portation of the motional state is completed. We will 
examine teleportation of motional states in more detail 
in a future work. 



E. Motion-to-light state transfer: generation of 
nonclassical output light fields 

Given the variety of, and efficiency with which, non- 
classical motional states of single trapped atoms have 
been experimentally realized |l|"|3| , it is worth noting the 
potential of our scheme as a source of nonclassical output 
light fields. The output light field is related to the input 
and internal cavity fields by [ p6| , p7[ 

SLout{t)^ain{t) + V2^a{t), (20) 

which in the overdamped limit becomes [using (|ic|)] 

aout(0 - -ain(i) - v/2r(t) b,{t), (21) 

where we assume that n{t) > 0. Hence, given a vacuum 
field input to the cavity, the output field is determined 
by the motional state of the trapped atom. Further, de- 
pending on the nature of the motional state preparation, 
the output may be pulsed or continuous; for a continu- 
ous output one would have T{t) = F, a constant, and the 
motional state preparation scheme would have to oper- 
ate in a continuous manner also. As an example, con- 
sider squeezed motional states, which may be generated 
by applying an electric field gradient with a frequency 
21/^ to the ion fl^ , or by irradiating the ion with two 
laser beams differing in frequency by 2i'x 0. 

Note that in squeezed states of the motion were 
produced exhibiting a reduction in the variance of the 
squeezed quadrature by a factor of 40. Such quadrature 
noise reduction has yet to be approached via traditional 
optical means, suggesting that the present state transfer 
configuration is worthy of further investigation . 

IV. TRANSFER OF A MOTIONAL STATE 
BETWEEN SEPARATED TRAPPED ATOMS 

Recently, Cirac et al. (see also p6[-p8|) demon- 
strated how quantum transmission of a qubit between 
two nodes of a quantum network can be implemented in 
a physical system using light as the carrier of the quan- 
tum information. In particular, they showed how the 
transformation 

(co|0)i +ci|l)i) ® |0)2 |0)i (E) (co|0)2 + ci|l)2) (22) 
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can be achieved where |0)i and |l)i are internal states 
of an atom at node 1 and |0)2 and |1)2 are the corre- 
sponding states of a second atom at (the spatially sepa- 
rated) node 2. At each node, the atom is located within 
a cavity supporting a single mode of the electromagnetic 
field, with which it is made to undergo a controlled time- 
dependent interaction via a laser-assisted Raman process. 
With suitably chosen laser pulses at the two nodes, the 
transmission described by ( p2| ) can be faithfully repro- 
duced, facilitated by the transfer of a photon wave packet 
between the two nodes. 

In the same spirit, we consider here the transmission 
of arbitrary motional states of trapped atoms between 
two distinct sites, facilitated once again by cavity light 
fields and photon wave packets. We consider two sepa- 
rated atom-cavity arrangements, each in the configura- 
tion described in Section II, so that the combined system 
Hamiltonian can be written as 

+nn2{t) (alb2e-'^' + bla2e'^'^ , (23) 

where the subscripts {1,2} denote the site of each atom 
or cavity mode and we now omit the subscript x for sim- 
plicity. 

A. Cascaded systems model 

The two cavity modes are each damped at rate k, but 
coupling between their external fields is assumed to be 
unidirectional. In particular, the output from cavity 1 is 
incident upon (i.e., provides the input field to) cavity 2, 
but not vice versa. Such a situation is depicted in Fig. 4 
and is again modeled by the cascaded systems formalism 
introduced earlier [E8p9]. In this formalism, the master 
equation for our system is derived in the form 

p=iCo + Cc)p, (24) 
where Cop = ~{i/h)[H, p] and 

CcP — K ^2aipa| — d\dip — pd\dij 

-2K.(^[dl,dip] + [pd\,d2]j , (25) 

where a vacuum input to the first cavity has been as- 
sumed. The last term in ( psf ) provides the desired unidi- 
rectional coupling in the theory. 

To simplify the model, we assume, as before, that the 
decay rate k is large compared to other rates in the sys- 
tem (apart from the trap frequency v) and that the cavity 
fields can be adiabatically eliminated from the system dy- 
namics. In the approach we are following in this section, 
this leads to a reduced master equation for the density 



operator of the motion of the two atoms, given formally 
by [|6| 

p,„-Trc|/:o^ dre^^^Copf^Pm, (26) 

where p^^ is the steady state density matrix for the two 
cavity modes. To evaluate this expression explicitly re- 
quires steady state correlation functions for the operators 
di and a2, which can be derived from ( p5| ) using the quan- 
tum regression theorem. As shown in the appendix, the 
only nonzero correlation functions are 

{di{T)d\{0))ss = (a2(T)4(0))ss = e-"" (27) 

and 

(ai(0)4(T)),, = {d2{T)d\{0))ss = -2Mre-''^ . (28) 
Using these expressions gives 

Pm = ^l{t) (2bipmb\ - b\bipn, ~ /Om&I^l) 

^-V2{t) (^2&2/3m&2 - ^2^2Pm - pJ^X^^ 

+2Vri(t)r2(t){[5t,5ip,je-'(*^~'^^) 

+ \pJ\MY^^'~^'^\ ■ (29) 

This master equation once again describes a cascaded 
system, only now the "coupling" appears directly be- 
tween the motional modes of the two atoms. 



B. Quantum trajectories and ideal state 
transmission 

To demonstrate the transmission properties of the cou- 
pled system, we again follow Cirac et al. and employ 
the technique of quantum trajectories p9| , ^ . This tech- 
nique simulates a given master equation by propagating 
a system wave function |V'(0) subject to a non-Hermitian 
effective Hamiltonian. This propagation is interrupted at 
random times {tr} by wave function collapses, or quan- 
tum jumps, I'll'itr + dt)) = C\ip{t)), which can be inter- 
preted as, in our particular instance, the emission and 
destructive detection of photons from the cavity fields. 

For the master equation derived above, the effective 
Hamiltonian takes the form (choosing the laser phases 
such that 01 = 4>2) 

H,s{t) = -^^l(^)6^6l - ir2it)blb2 

+2i^Tiit)r2it) blh, (30) 
while the collapse operator is given by 

C ^ V^bi- V^h- (31) 
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The basic idea is to design laser pulse profiles [man- 
ifest through Ti{t)] at the two sites such that the ideal 
quantum transmission 



c„|n)i ® 10)2 -> |0)i «) ^ c„|n)2, 



(32) 



can be achieved. Here \n)i denotes the n-th Fock state of 
the motion of atom i. A necessary condition for success- 
ful transmission is that a quantum jump never occurs, 
i.e., C\ip{t)) = for all t, in which case the effective 
Hamiltonian becomes a Hermitian operator. This can be 
interpreted in terms of transfer via a dark state of the 
cascaded system. 

We expand the state of the system as 

00 n 

m)) = E ^" E ^inHt)\n - m)i |m)2, (33) 

n— m— 

with initial condition 



and normalization 



Eh™ w 



m=0 



For ideal quantum transmission, one requires that 



aH(-Hoo) = a[,"^(-oo) = 1 



(»)/ 



(34) 



(35) 



(36) 



Equations of motion for the {am\t)} are derived using 
( ^ ) and (^); the equations for the m = components 
take the simple closed form 



4")(i) = -nri(t)aJ,"^(t) 



with solutions 



=exp|-7i / Ti{t')dt' 
L J —00 



(37) 



(38) 



Now, applying the dark state condition 

{V^h- V^b2}m)) =0 (39) 
yields the sequence of straightforward algebraic equations 

Vin-i)r,{t)a^r\t) - v/2rMt)4")(i) = 0, 



V(n-2)ri(i)4"'(t) - y3rMt)4"^(t) = 0, 



(40) 



from which a solution for al" (t) in terms of ag"'' (i) fol- 
lows as 



ri(t) 



m/2 



771! (rt — 771)! 



(41) 



Applying the normalization condition gives 



E 

m=0 

and thus 



r2(0 



r2(t) 



exp 



Ti{t')dt' 



(42) 



(43) 



which demonstrates that it is possible to choose pulse 
shapes of the laser fields in such a way that the perfect 
transmission (^2|) can be achieved. 

We have not explored in detail pulse shapes satisfying 
(^). We do find, however, that (|4^) admits the following 
simple analytical solutions. 



ri(i) = r. 



-rt 



r2(i) = ri(-t) 



(44) 



with the limits ri(t) (F) as t —00 (+00), and 
vice-versa for r2 (<) . We use these forms in the numerical 
calculations that follow. 



C. Numerical calculations 

For the purpose of numerical calculations, we retain 
the dynamics of the cavity field modes and solve the cas- 
caded systems master equation 



+ K {2aipa\ — a\aip — pa\ai 



-\- K (^2a2pa\ — a2a2P — pa\a2 
-2k ([4,aip] + [pai,a2]) (45) 



with 



Hk{t) = hnk{t) [dlke-"^" + bl-akc'*" 

+ ?iJ7fe(i) (4^jce-"^^+2'''* + afe6fce'"^'=-2'''*) , (46) 

where k — 1,2. Once again, we include the rotating terms 
akbk and a\})\^ while the forms of the time-dependent 
effective coupling parameters fii(t) and Vl2{t) are chosen 
in accordance with the work of the previous section, i.e.. 



(47) 



where F = fi^/K (and we chosen 0i = 02 = 0). 

As the state to be transferred, we choose, arbitrarily 
(in practice we are somewhat limited by the size of the 
basis set we can use comfortably in our simulations). 
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1^) = 1 (|0) + e^^^/^i^) + e'2V3|2) + e"|3)) , (48) 

so that the initial state of the total system is |0)ai (g) 
|V')fei |0)a2 <Xi |0)fc2, while the target state is 

IV'targct) = |0)al «) |0)6i (g) \0) a2 «) |V)b2 • (49) 
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The transmission fidelity, which we define by 

F{t) = ('0targct|p(t)|'0target) , 



(50) 



is plotted in Fig. 5 for H/k = 0.141 (corresponding to 
T/k = 0.02) and three different values of the trap fre- 
quency ly. Note that the initial value of the fidelity is 
finite due to the contribution from |0) in the state \tp). 
For v/k = 20 (10) the state is transmitted with a fidelity 
of 0.995 (0.980). As i^/k is lowered the fidelity is reduced 
as the rotating terms in the effective Hamiltonians Hk (t) 
begin to contribute more strongly to the dynamics. Nev- 
ertheless, a fidelity of 0.925 is found even for i^/n = 5. 

In Fig. 6 we consider a single value of the trap fre- 
quency, v/k = 20, but now vary the coupling parameter 
n, which varies the effective rate F of the state transfer 
operation. We also choose larger values of O compared 
to K to assess how well the chosen pulse shapes drive the 
state transfer as the adiabatic approximation [k ^ f2) 
ceases to be valid. As one can see, the fidelity of the 
transmission remains high even with H/k = 0.4 (0.984) 
and 0.5 (0.970), but at ^/k = 0.7 deteriorates to 0.905. 
Notably, the timescales for the transfer are significantly 
faster than in the previous figure, which is possibly ad- 
vantageous from an experimental point of view. 



D. Underdamped regime 

The overdamped regime considered above probably 
corresponds to the most likely experimental scenario. 
However, a situation where O > k is still possible and 
could offer some further advantages in terms of transfer 
rates, which, in such a regime, would be of the order of 
K. Of course, if Q > k then one must include the cavity 
modes and their dynamics in the analysis, which thereby 
becomes somewhat more complicated. 

Nevertheless, we find that it is still possible to de- 
rive pulse shapes that allow high-fidelity transmission of 
arbitrary quantum states. In particular, following the 
kind of approach used in , whereby one assumes that 
f2i(t) = (a constant) for t > and that ^l2{t) = ^li{—t) 
(i.e., the symmetric pulse condition), we are able to arrive 
at the form 



ni{-t)^- 



nf{t) + 2nh{t) 
v/1 - fitf - 2hiW 



{t>0), (51) 



where 



/(i) = -(A+e^-'-A_e^+')/(0) 

n 



1 



_(e^+*-e^-*)/z(0), 
p 



(52) 



h{t) = - (A+e-'+* - A_e 
P 

n 



p 



-^-*) h{Q) 

')/(0), (53) 
with A± = -(1/2)(k±p), p = (k2 -4f72)i/2^ and 

/(0) = 



Q'^/2 



(54) 



That such forms for the pulse shapes can successfully 
facilitate state transmission between the two atoms is 
illustrated by the dotted line in Fig. 6 for the same state 
lip) considered above and with Q/k — 0.7. The state is 
transmitted with a fidelity of 0.993, clearly improving on 
the result from the approach in the overdamped regime 
and also doing so on a faster timescale. 



V. DISCUSSION 

In this paper we have described schemes for the trans- 
fer of quite general quantum states between light fields 
and atomic motion and between the motion of trapped 
atoms at separate sites. We want now to consider in 
more detail some of the basic assumptions involved in 
our model and to examine possible experimental situa- 
tions. 

Clearly, a very important assumption is that the effects 
of atomic spontaneous emission can be neglected. In a 
master equation approach, atomic spontaneous emission 
with the effects of recoil taken into account is modelled 
by a term of the form (considering motion only along the 
X axis) iol 



(55) 



where 



du M^(M)e*'="*pe- 



du T^(M)e^''-(^-+^-)pe-"'="(^="+^-) 



(56) 



Here, 7 is the spontaneous emission rate and W{u) — 
{3/A){l+u'^) describes the angular distribution of sponta- 
neous emission for an atomic dipole transition. Incorpo- 
rating this into our analysis and adiabatically eliminating 
the atomic and cavity degrees of freedom as before, one 
finds that the leading order (in rj^) contribution to the 
motional dynamics contributed by atomic recoil due to 
spontaneous emission takes the form 



7 



10 A2 



2(6^ + bl)p{k - 



(57) 



[Note that we also assume that £l ^ ^x5o[(a^a)]^^^-] 

From inspection of the plots of transmission fidelity 
versus time (for the overdampedvegmie), we can estimate 
the timescale for state transfer as ^ A/T. Hence, in order 
to be able to neglect the effects of spontaneous emission 
on the transfer process, we require that 



r 

4 



4kA2 



2 7 £l 



M » 1 . (58) 



This, not surprisingly, corresponds to the regime of 
strong-coupling in cavity QED Q . 

The dipole coupling strength is given by go — 
\^c\^^/{SttV^)Y/'^, where A is the wavelength of the 
atomic transition and V^n = {t^ is the cavity mode 
volume, with wq the cavity mode waist and I the mirror 
separation. The cavity field decay rate can be expressed 
in terms of the mirror separation and the cavity finesse 
T as K = ■Kc/(2!Fl). Using these expressions for and 
K, the condition in (|5^ ) can be rewritten in the form 



15 T 

— ^^>1. 



(59) 



So, of course, one would like to have small cavity modes 
and high finesse mirrors. 

The trap itself must also meet rather stringent require- 
ments; in particular, the Lamb-Dicke parameter must 
satisfy rjj <C 1 (j = x, y, z) and the trap frequency along 
the X axis must satisfy Ux '3> n. Let us now consider a 
specific example from the ion-trapping community: the 
trapped ion species ^Be^. Recent experiments with this 
particular ion (see, for example, [y^]) have been per- 
formed with harmonic oscillation frequencies along the 
principal axes of the trap Vj/2n ~ 11 — 30 MHz, corre- 
sponding to Lamb-Dicke parameters rjj ~ 0.14 — 0.086 
(with respect to the "^81/2 transition at wave- 

length A = 313 nm; the linewidth for this transition is 
7/27r = 19.4 MHz). 

A further practical consideration is the requirement 
that the spacing between the mirrors be large enough to 
accommodate the ion trap electrodes and external laser 
fields. A reasonable minimum separation might be I = 
100 /im, but we shall make a somewhat more conservative 
choice of I — 250 /im. With a cavity finesse T — 300, 000 
^2| , one then obtains k/2tt — 1.0 MHz. Assuming, say, 
that •xjx = 0.1, then v^jl-K = 22 MHz and v^/k = 22. If 
the radius of curvature of the mirrors is taken to be 5 
cm, then the cavity waist takes the value Wq = 15.8 /im 
(which yields go/27r = 14.9 MHz) and IhX"^ T / {2t:^ wl) = 
28 > 1. 

Finally, given these choices of parameters, a numerical 
estimate for the rate T = Vl^ / k at which the state transfer 
occurs in the overdamped regime would be r/27r ~ 20 — 



200 kHz, and even larger with suitable laser pulse shapes 
in the underdamped regime. This estimate establishes 
a timescale for the required stability of the driving laser 
fields (remember that the phases of the two laser fields 
are assumed to be equal for the duration of the state 
transfer process) and of the cavity and trap setups. Note 
that the timescales for motional decoherence and heating 
observed in recent trapped ion experiments (with ^Be^) 
are of the order of milliseconds and further improvement 
seems possible Q. 

So, it would seem that, with quite reasonable choices 
of experimental parameters, a suitable operating regime 
for the state transfer scheme is feasible. Note that favor- 
able parameters should also be achievable with trapped- 
ion species other than ^Be"*"; for example, 24]y[g+ or 
^"Ca^. Alternatively, recent developments with micro- 
scopic magnetic traps 43 ,4^] suggest that suitably large 



trap frequencies and confinement in the Lamb-Dicke 
regime may also be possible with neutral atoms, such 
as Li and K. 

To conclude, in this work we have described a means of 
usefully combining several emerging candidate technolo- 
gies for the implementation of quantum communication 
and computing, i.e., trapped atoms, cavity QED, and 
propagating (nonclassical) light fields. The schemes out- 
lined above allow, in principle, for the transfer of quan- 
tum states and entanglement between light fields and mo- 
tional degrees of freedom of trapped atoms and for high- 
fidelity transmission of quantum states between spatially 
distant sites. 
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APPENDIX A: CASCADED CAVITIES 
CORRELATION FUNCTIONS 



Using Eq. (^5|), the equations of motion for the mean 
values of the two cavity field amplitudes are straightfor- 
wardly derived as 

(Al) 
(A2) 



{oi) 

(«2) 



= — K(a2) — 2^(01) 
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for which the solutions are (for t > 0) 

(ai(<))=e-''*(&i(0)), (A3) 
(a2(t)) - e-«*(a2(0)) - 2tite-^'{di{0)). (A4) 

These solutions are of the general form 

{Mt))=J2Mt){MQ)), (A5) 

3 

and the quantum regression theorem [^,0 states that 
two-time correlation functions follow as 

{A{t)A,m = ^ /.,(0(A,(0)Afe(0)). (A6) 

3 

In steady state, the only nonzero equal-time correlations 
for our system are 

(aiai)ss = (0202)38 = 1, (A7) 

which lead to the two-time correlation functions given in 
(1^) and (H). 
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FIG. 1. Schematic of experimental setup and excitation 
scheme for state transfer between the motion of a trapped 
atom/ion and a quantized cavity mode of the electromagnetic 
field. 

FIG. 2. Schematic of the cascaded system for transfer 
of statistics from a squeezed light field to the motional state 
of a trapped atom. Faraday isolators (F) facilitate a unidi- 
rectional coupling between the squeezed light source and the 
atom-cavity system. 

FIG. 3. Elements of the steady-state reduced density ma- 
trix of the motional mode of the trapped atom when the cavity 
mode is driven by quadrature squeezed light from a degener- 
ate parametric oscillator. Parameters are given in the text. 

FIG. 4. Schematic of the cascaded system for transfer 
of a motional state between separated trapped atoms/ions. 
The input to the first cavity is ordinary vacuum and Faraday 
isolators (F) facilitate a unidirectional coupling between the 
first and second cavities. 

FIG. 5. Fidelity of the transmission F{t) for the state 
\ip) of Eq. (^) using the pulse shapes (^ with Q/k = 0.141 
(F/k = 0.02), and taking u/k = 20 (solid), 10 (dashed) and 5 
(dot-dashed). 



FIG. 6. Fidelity of the transmission F{t) for the state 
It/)) of Eq. ^ for v/k = 20 with Q/k, = 0.4 (solid), 0.5 
(dashed) and 0.7 (dot-dashed), using the pulse shapes ( ^ ) 
(overdamped analysis). The dotted line shows the result from 
the underdamped analysis for Q/n = 0.7, using fli{t) — fl for 
t > and the form ^ for ni{t < 0) [n2{t) = ni{-t)]. 



10 



atom trap 




"squeezer" 



pump 
£ 



degenerate parametric 
oscillator 





-200 -150 -100 -50 50 100 150 200 



Time (k ) 



